[12] Zhang, G.Q., Literal Resolution, T echnical Rep ort DAIMI

PB-277, Department of Computer Science, Aarhus University

, 1989

57 k k

· · ·

2 4 2 2

n n n O n ,

n

Partial List of References

Symb olic Logic and Mechanical

Theorem Proving

Logic for Computer Science-foundati ons of auto-

matic theorem proving

Machine Intelligen ce

Logic for Problem Solving

Elements of the Theory

of Computation,

Structural Op erational Semantics

Therefore the total numb er of clauses generated is at most

+ + + = ( )

which is a p olynomial in .

It should b e interesting to give an analysis of the average time

complexity of the Davis-Putnam pro cedure and to compare it with

other resolution strategies.

[1] Chang, C.L. and Lee, R.C.T.,

, Academic Press, New Y ork, 1973.

[2] Davis, M., Putnam, H., A Computing Pro cedure for Quantifi-

cation Theory

, JACM 7, 1960.

[3] Galil, Z. On the complexity of regular resolution and the

Davis-Putnam pro cedure, Theoretical Computer Science 4, 1977.

[4] Gallier, J.H.

, Harp er and Row, New Y ork, 1986.

[5] Haken, A. The intractability of resolution, Theoretical Com-

puter Science 39, 1985.

[6] Kowalski, R.A., Hayes, P

. Semantic T rees in Automatic Theo-

rem Proving, V ol 4, (B. Meltzer and D. Michie,

eds), American Elsevier, New Y ork, 1969.

[7] Kowalski, R.A., , Elsevier North

Holland, New Y ork, 1979.

[8] Lewis, H.R. and Papadimitriou, C.H,

Prentice-Hall, Englewo o d Cliffs NJ, 1981.

[9] Plotkin, G.D. , T echnical

Rep ort DAIMI FN-19, Department of Computer Science, Aarhus

University

, 1981.

[10] Robinson, J.A., A Machine-oriented Logic Based on the Res-

olution Principl e, JACM, 12, (1) 1965.

[11] W os, L., Carson D.F. and Robinson, J.A. The Unit Prefer-

ence Strategy in Theorem Proving, AFIPS Conference Pro ceedings,

1964.

56 k

k

′

′

′

A

B

A

2

2 4

2

A, B , A, B , B , B

A, B , A, B , B , A .

, B , A

C A , C A

S A A S S

S S

k S

O n n S

k

n n

k n

{ { ¬ } { ¬ } { } } − → { { ⊤ } { } }

{ { ¬ } { ¬ } { } } − → { { ⊤ } { } }

{ { ⊤ } { } } { { ⊤ } { } }

∪ { } ∪ { ¬ }

¬ − →

W e have

and

But there are no transitions for and

to get to the same clause set.

This leaves us some ro om to cho ose a b etter transition sequence

to reduce the time complexity

. In general it is suggested that we

cho ose a literal which results in as small the numb er of resolvents

as p ossible. In particular, if are the only two

clauses in which have or present, then a transition

will make the size of less than that of .

This chapter is concerned with simpler ways to explain the prin-

ciple of the resolution metho d. It is not ab out complexity of the

resolution. That topic has b een addressed by other p eople (see [3]

and [5], etc). However, the following remarks ab out the complexity

issue of the resolution pro cedures are straightforward.

It is well-known that deciding whether a set of clause is satisfi-

able or not is an exp ensive question. In fact, SA

T, the collection of

satisfiable finite clause sets, is a language in the NP-complete class.

Since the resolution metho d can detect inconsistency (as well as sat-

isfiabili ty), it is unlikely that there is any efficient (i.e. p olynomial

time) algorithm for resolution. The Davis-Putnam pro cedure, not

surprisingly

, do es not seem to run in p olynomial time in terms of the

numb er of clauses generated.

However, it is clear that if there are no more than literals in

then the Davis-Putnam pro cedure will terminate with a time com-

plexity of ( ), where is the size of . This is b ecause there

will b e at most literal transitions. The first transition generates

at most clauses, and the second transition clauses, and so on.

The -th transition, the final step, generates at most clauses.

55

□

′

′

0 1

0 1

Example

{ { ¬ } { ¬ } { } }

3.7.1 Discussion

S

A B

S S

S

S

S S

S

S

A B

B A

A, B , A, B , B .

W e have presented a resolution strategy called the Davis-Putnam

resolution and we have shown that the Davis-Putnam resolution is

sound and complete. The basic idea of the Davis-Putnam resolution

is to p erform all resolutions related to a particular literal in each

step, and to replace the old clause set by a new clause set consisting

of the literal-related resolvents, and clauses which can not involve in

any resolution related to the literal. F rom the pro of of the soundness

and completeness theorem we can see that the order of literals chosen

at each step do es not affect whether we can find a eventually

. This

is not to say

, however, that if there are two transitions from such

as

then there exists a clause set such that

( this is the so called Church-Rosser prop erty ) as the following ex-

ample shows.

Consider the clause set

54

□

A

A

∗

∗

Corollary 3.7.1 The pr op ositional version of R obinson r esolution

is sound and c omplete.

S

A, B , A, B , B .

A, B , A, B , B , B .

S A, B , A, B , B , .

S A, B , A, B , A , B , .

S

S

A, B , B , C , B , C , B , A, C , A, C ,

A , B , C , C , .

{ { ¬ } { ¬ } { } }

{ { ¬ } { ¬ } { } } − → { { ⊤ } { } }

L { { ¬ } { ¬ } { } { ⊤ } }

R { { ¬ } { ¬ } { } { } { ⊤ } }

L

R

{ } { ¬ } { } { ¬ } { ¬ } { }

{ } { } { } { ¬ }

However, the numb er of clauses generated by the Davis-Putnam

pro cedure is sometimes strickly less than that generated by Robin-

son’s metho d. F or example, take to b e the clause set

W e have

Therefore

( ) =

But

( ) =

F rom the completeness of the Davis-Putnam pro cedure we im-

mediately get

This means we have a simpler way to prove that Robinson’s

metho d works.

In most cases the size of ( ) can b e much smaller than that of

( ). T ake second example, for example. The Davis-Putnam pro-

cedure pro duced 6 new clauses while brute force Robinson resolution

pro duces the following 11 new clauses.

53

□

□

k

k k

k

⋃ ⋃

⋃ ⋃ ⋃ ⋃

⋃

⋃ ⋃

0 1 2

0 1 2 +1

0 1 2

Theorem 3.7.2

0

0

0

0

0

0 1 2 +1

0 1 2

0

0

0 0

F or every se quenc e ,

··· ···

≥

∗

··· ···

∗

≥ ≥ n

n n n

n n n n

n

A A A A

i i

i

A A A

k

A

k

A

k

A A A A

i i

i i

i i

∈ ̸∅ ⊤

∈ ⊥ ¬ ∈ |

∈ ¬ ∉ ¬ ∈ ∉

∈

L

− → − → − → · · · − → − → · · ·

L

L R

· · · · · ·

L ⊆ R

R ⊆ R ≥

⊆ R

C S C A

A S A A S S

A S A S A S A S

S

S

S S

m m

S

S

S S ,

S S S

S S S S S .

S

S S

A A A A

S S .

S S S S S i

S S ,

, = . Let Φ b e an assignment which assigns to if

; assigns to if . Clearly Φ = b ecause

implie s and implie s .

By the lemma given ab ove, we deduce that is satisfiable, which

is a contradiction. This means we must have .

It is clear that for a clause set , the satisfiability of can b e

decided in no more than steps of transition, where is the numb er

of prop ositional v ariables in .

Using the idea of the Davis-Putnam pro cedure we prop ose the

following restricted form of Robinson resolution: for any ( finite )

clause set of atomic prop ositions, define

( ) =

where = and ’s form a literal transition sequence:

When no confusion arises, we simply write ( ), omitting the

subscripts.

What is the relation b etween ( ) and ( ), the clause set used

for Robinson’s resolution given in section 3?

It is not difficult to see that we have

( ) ( )

In fact, we have = ( ) = and ( ) for each 1.

Therefore

( )

which is exactly the conclusion of the theorem.

52

−

− n

n

□

□

□

□

0 1 2

1

0 1 2 1

−

−

− −

−

−

−

−

′

′

−

Theorem 3.7.1

Pro of

2

+

2

1

1

1

0

0

1

+

1

+

2

+

1 2

0

0 1 0

0 1 2 1

0

0

0 1 2 1

0

A

A A

A A A

A A A

A A

A A

A

n

A A A

n

A

n

n

A

n

A A A

n

A

n

n n n

⊤ ⊤

− ⊤ ⊥

⊥ ⊥

⊥ ⊥

⊥ ⊤ ∈ −

∈ − ⊥

⊥ ∈ −

⊥ ⊤

¬

⊥

⊥

⊤

· · ·

− → − → − → · · · − →

∈

{ ⊤ }

⇐ − →

∈

⇒

− → − → − → · · · − →

∉

/ A S

C S S / A C

/ A S

C S A

C

S S C S

/ A S C S S

C S S

A C S S

A

A A

r es C , C

RE S S

S

A , A , A S

S S S S S

S

S S S

S

S S

S

S S S S S ,

S S S

A finite clause set is unsatisfiable if and only if

ther e ar e liter als in such that

and , wher e whenever a liter al and its ne gation app e ar in some

clause at the same time, we always r eplac e that clause by .

the first assertion, so now we try to show that Φ[ ]( ) = .

Supp ose there is a clause in such that Φ[ ]( ) = .

Hold on to this clause for the moment.

W e next use the hyp othesis that Φ[ ]( ) = . This means

that one of the clauses of ev aluates to when you set =

in Φ and then ev aluate with this new assignment. cannot b e in

, again by definition of . cannot b e in either, b ecause

Φ[ ]( ) = . So .

W e now have a clause which ev aluates to under

Φ when is reassigned to , and a clause which

ev aluates to under Φ when is reassigned to . This implies

that under Φ, the literals in b oth clauses, other than or , must

all have v alue . Thus the resolvent ( ) must b e defined,

and have the v alue under Φ. But this contradicts our hyp othesis

Φ( ( )) = . This contradiction proves the claim, and thus

the lemma.

Now we can prove the soundness and completeness of the Davis-

Putnam pro cedure.

( ) : Supp ose is satisfiable and . Then clearly

is satisfiable by the soundness of the resolution rule. Thus if

, must b e unsatisfiable.

( ) : Supp ose is unsatisfiable. Supp ose

, but has no further transition. Then is satisfiable

b ecause it has the v alid truth assignment Φ given b elow. F or each

51

′

′

−

−

− −

−

Lemm a 3.7.1

Pro of

0

+

1 2

1

+

2

0

1 2 1

+

2

+

0

+

+ +

A

A

A

A

A

A A

A

A A A A A

A

A

A

A

A

A A

− →

{ ∈ | ¬ }

{ ∈ | }

{ ∈ | ¬ }

∈ ∈

∪ { | ∈ − ∈ − }

¬

¬

⊤

⊥ ⊤ ⊤ ⊤

⊥ ⊥ ⊤

⊤

⊤ ⊤

⊤ ⊤ ⊤

⊤ ⊤

∈ ⊤ ⊥

L et b e a finite clause set and

Then the satisfiability of implies the satisfiability of .

S

S S .

S S

S A

S C S A A C ,

S C S A C ,

S C S A C .

r es C , C

A C S C S

RE S

RE S S S r es C , C C S S , C S S .

RE S

A A

RE S A A

A

RE S S

/ A S / A S

/ A S / A S

/ A S A

RE S S / A S

/ A S

C S / A C S

This short pro of is provided by Bill Rounds and Phil

Haar for the EECS 574 class at the University of Michigan (Thanks

to Bill for allowing me to use it here). It is in turn based on the idea

of a pro of in the b o ok of Davis and W eyuker.

Let b e a set of clauses and let b e a literal. W e define

= neither nor o ccurs in

= o ccurs in

= o ccurs in

W e also have the notion ( ) as the result of resolving

out given that and (or the other way round).

W e redefine the Davis-W eyuker notion of :

( ) = ( )

This new do es not allow resolution with clauses containing b oth

and . But b ecause these clauses are always true, they do not

contribute anything towards finding a contradiction. Moreover, the

new always eliminates and from a set of clauses.

Now let Φ b e a truth assignment and b e the prop ositional

v ariable mentioned in the lemma. W e claim that if Φ( ( )) =

then either Φ[ ]( ) = or Φ[ ]( ) = . The lemma clearly

follows from the claim.

Assume then that Φ[ ]( ) = . W e will show that Φ[ ]( ) =

. Now clearly

Φ[ ]( ) = , b ecause do es not o ccur here, and b ecause

Φ( ( )) = . W e will now show that Φ[ ]( ) = and

Φ[ ]( ) = .

T o see the first of these assertions, notice that there can b e no

clause with Φ[ ]( ) = , by definition of . This proves

50

0

0

0

∗

′ ′

□

□

□

□

□

A

B

A

B

A

C

A

sound

c omplete

3.7 Soundness and Completeness

A, B , A, B , A B , B

,

A, B , B , A B , B

.

A, B , A, B , C , A , C , A .

A, B , A, B , C , A , C , A

B , B , C , C

B , B

.

S

S

S

S S

S S S S

{ { } { ¬ } { ¬ } } − → { { } { ¬ } }

− → { }

{ { } { ¬ } { ¬ } } − → { { } { ¬ } }

− → { }

{ { ¬ } { ¬ ¬ } { } { ¬ } { ¬ } }

{ { ¬ } { ¬ ¬ } { } { ¬ } { ¬ } }

− → { { } { ¬ } { ¬ } }

− → { { } { ¬ } }

− → { }

R

− →

The Davis-Putnam resolution works for the two examples as

demonstrated b elow. F or the first example we have

while for the second example,

As one more example, let’s consider the clause set

The following sequence of transitions pro duces an empty clause:

Therefore the original clause set is unsatisfiable.

In this section we prove that the Davis-Putnam pro cedure is sound

and complete. The Davis-Putnam pro cedure is in the sense

that for any input clause set , whenever is in the current clause

set after the Davis-Putnam resolution terminates, is unsatisfiable.

It is in the sense that if the input clause is unsatisfiable,

then must b e in the current clause set when the Davis-Putnam

resolution stops.

Note that for Robinson resolution, ( ) is equiv alent to . This

is not a necessity for resolution to work. In fact the Davis-Putnam

resolution do es not have this prop erty

, i.e., when , and

need not b e equiv alent as the first example in the previous section

shows.

The following lemma is the key for completeness.

49

□

C

B

A

Example

Example r eplac es the old clause set by a new clause set.

single liter al.

one al l

al l

A, B , C , A, B , C , A, B , A

A, B , A, B , A

A , A

.

A, B , C , A, B , C , A, B , A

A

A, B , A, B , A

A, B A

B , A, B .

A

A, B , B , A

B , A .

A

B

{ { ¬ } { } { ¬ } { ¬ } }

− → { { } { ¬ } { ¬ } }

− → { { } { ¬ } }

− → { }

{ { ¬ } { } { ¬ } { ¬ } }

{ { } { ¬ } { ¬ } }

{ } { ¬ }

{ { } { ¬ } }

{ { } { ¬ } { ¬ } }

{ { } { } } we have the following sequence of literal transitions:

So

is unsatisfiable.

The Davis-Putnam pro cedure provides a resolution strategy which

The key idea is that

each step p erforms resolutions related to a Note

that if at each step we only p erform resolution, or p ossible

resolution, the corresp onding lab eled transition systems do not give

rise to correct resolution algorithms, as shown by the following two

examples.

Performing an -resolution on

to the clause and we can get

This clause set is satisfiable while the original one is not. The reason

is that we did not do all the p ossible resolutions involving literal .

Performing p ossible resolutions on

we get

W e also failed in detecting the inconsistency of the original clause

set. This is b ecause in one step, we did resolutions involving b oth

and .

48

A

□

□

′

′

′

′

0

0

0 0

0

0

0

3.6 Examples

{ ⊤ }

∈

∈ ∈

∈

− →

− →

∪ { }

{ { ¬ } { } { ¬ } { ¬ } }

The Davis-Putnam Pro cedure

Example

B

S .

A C S A A

C

S S

A C , C S A C

A C S S S

A S S

S S

S S C C

S

A, B , C , A, B , C , A, B , A , is a -transition.

Naturally

, an algorithm can b e derived from the idea explained

ab ove. W e call the derived algorithm the Davis-Putnam pro cedure,

prop osed first by Davis-Putnam [2], [3], and re-discovered by the

author [12].

Step 1. Input a finite clause set

Step 2. F or any literal , any clause of , if and

¯

b oth

app ear in , replace that clause by .

Step 3. If or there is no resolvent from , then stop.

Step 4. Cho ose a literal such that for some , ,

¯

; Replace by , where is sp ecified by the

-transition ; Go to step 2.

After the algorithm stops, if is in the current clause set then

the input clause is unsatisfiable; otherwise it is satisfiable. This is

exactly the soundness and completeness of the metho d, which will

b e proved in section 7.

Note that Robinson’s resolution metho d can also b e viewed as a

lab eled transition system. W e have the same set of states, consisting

of the finite clause sets. There is one lab eled transition relation (and

hence we omit the lab el), given by

if and only if = , where is the resolvent of two clauses

from .

In this section we give examples for the Davis-Putnam pro cedure.

Comparison is also made with the classical resolution metho d.

F or clause set

47

□

C

A

A

A

B

′

′

′ ′

′

′ ′ ′

′

′

′

′

Definition 3.5.1

Example

3.5 The Da vis-Putnam Pro cedure

We say that is a fr om

a clause set to a clause set lab ele d with liter al if

∪{ | − }

{ { ¬ } { } { ¬ } { ¬ } }

− → { { } { ¬ } { ¬ } }

− →

∈ ∈

{ | }

∪{ | ∈ { } ∩ ∅}

− →

∈ A − →

− →

{ { } { ¬ } } − → { { } }

R R A S .

A, B , C , A, B , C , A, B , A

A, B , A, B , A ,

C

S S

S S A

. C , C S A C , A C

. S C C A S

C C S A, A C

S S

A S S A

S S S

S

A, B , B A is an resolvent of some clauses in

F or example, we have

with the transition lab eled by .

Starting from any finite clause set, we can make transitions step

by step according to the sp ecified lab eled transition system, resulting

in a state where no further transition is p ossible (this is b ecause there

are only finitely many literals in a finite clause set). W e hop e to b e

able to detect the inconsistency of the initial clause set by finding

a in the final clause set. This metho d is intro duced in the next

section, and more detailed analysis of the metho d follows.

As stated in the previous section, our resolution metho d comes from

the idea of lab eled transition systems. The transition system related

to resolution has finite clause sets as states. The transition relation

is given by the following definition.

literal transition

1 there exist in such that

¯

;

2 = is a resolvent of an -resolution of two clauses in

and

¯

=

T o b e definite, we always lab el a literal transition with

. Call an -transition. Sometimes we omit the lab el

and write , to mean that there is a literal transition from

to .

46

A

0 1

′

′

′

′

⟨ ⟩

− →

¬

\ { ∈ | ∈ ¬ ∈ } s s s

s α β

β α

α β

α β

W, σ W

σ

S S S

A A S

S

S S C S A C A C

This diamond shap e tells us that the order of making a or a

transition do es not affect where we can go. If this is true for all lab els

and , it menas that we do not have to care ab out the sequence

we make moves.

Probably the b est known examples of lab eled transition systems

are finite automata. Of course lab eled transition systems can b e

used to describ e many different situations. They can b e used in

mo deling game playing, in describing concurrent systems, and even

in sp ecifying the op erational semantics of programming languages.

The op erational semantics of programming languages provides

a way to understand program b ehavior by simulate programs on

some ‘abstract’ machines. The abstract machines used are lab eled

transition systems. Here, each state is a pair , where is

the piece of program left to executed, is a function sp ecifying the

v alues stored at each lo cation. The transition relation is given by a

set of rules asso ciated with program constructions. F or further detail

ab out this approach see [9].

The idea of lab eled transition systems can also b e applied to

resolution. Define a lab eled transition system by taking the set of

the finite clause sets as the set of states. The transition relations are

lab eled by literals. T o have a transition , must contain at

least two clauses, one with in it and the other with . And

must b e derived from , where

= ( or )

45 k

k

−

−

−

′

0 1

1

0 1

1

0 1 2

0 1 1 2

1

0 1 initial state α

α

α

α α α

k

α α

k k α

Definition 3.4.1

Definition 3.4.2

S, α L

S S α

L

S, α L

s s s s

s , s s , s

s , s

s

α β

s s s

s

{ − → | ∈ }

− →

{ − → | ∈ }

− → − → · · · − → · · ·

− → − → · · ·

− →

A lab ele d tr ansition system is a p air

wher e is the set of states and is a r elation on for e ach in

.

L et

b e a lab ele d tr ansition system. A se quenc e

is c al le d a tr ansition se quenc e of the lab ele d tr ansition system if

is a p air in the r elation , a p air in , and

a p air in , in gener al.

( )

The b ehavior of a lab eled transition system is sp ecified by the

sequences of transitions.

( )

( ) ( )

( )

The transition sequences we are interested in are usually finite

ones, though they may b e very long. F or example, a game of chess is

just a transition sequence with black and white moving alternatively ,

leading to a final p osition where the game is over. In many cases the

lab eled transition system has a which every transition

sequence starts with. The op ening p osition of chess is a initial state.

Also, sometimes in a transition system the order of the transition

do es not affect the state that can b e reached. When that happ ens,

the transition system is said to have the Church-Rosser prop erty .

More precisely

, a transition system has the Church Rosser prop erty

if whenever there are two transitions from a state such as

then there is a state such that

44

□

□

α

α

1 2 1

2

∗

∗

∗

∗

R

R

∉ R

R

− →

− →

White’ Pawn

T

T

T T

T

T T

T

α W, P , e , e

e

e P , P P

e P e

3.4 Lab eled T ransition Systems general, soundness means that whenever the empty clause is found,

the original clause set is inconsistent while completeness means if the

original clause set is inconsistent, the empty clause will eventually

b e found.

It is easy to see the soundness of Robinson’s metho d b ecause

and ( ) are equiv alent. The pro of of the completeness, however, is

not straightforward. Often it is b etter to consider the contrap ositive

of the completeness, which states that if the empty clause is not in

( ), then is satisfiable. This amounts to demonstrating the

existence of a v alid truth assignment for from the assumption

that ( ). How can we find a v alid truth assignment for

given that is not in ( )? This can b e done by mathematical

induction on the numb er of literals involved. However the prove is not

intuitive and straightforward. By using a sp ecial resolution strategy

prop osed by Davis and Putnam, we can make the pro of much easier

to understand.

Think ab out the mo deling of the play of chess. There are two ma jor

comp onents involved: one is the chess p ositions, and the other is

the legal moves. The p ossible p ositions form a set which we call

the states. The legal moves form a set of relations lab eled by the

description of the moves. F or example, with = ( 2 4)

is a relation describing the move of s from p osition 2

to 4. Of course for the pair of p ositions ( ) to b e in ,

must have a white pawn at 2, and at 4.

A lab eled transition system is a set with a collection of relations

on it. The set is thought of as the state space, and the relations de-

scrib e the changing of states via some actions. Because of this nature,

lab eled transition systems have found wide use in computer science.

In particular, the idea can b e used in the resolution metho d given in

the previous section. In this section we give a short intro duction to

lab eled transition systems.

43

⋃

□

∗

≥

∗

∗

∗ i i

i i

n r esolvent

-r esolution

0 1

0 1

0 1

0 1

0 1

0 1

0 1

0 1 0 1

0

+1

0

¬

∪ { } ∪ { }

∪

∪

∪ { } ∪ { }

∪ { } ∪ { }

∪ ⊥ ¬ ⊥

| | | ∪

{ } { }

{¬ }

R ∪ { | }

R

R R R ≥

R R

R R

R

∈

R

A A

C A C A

C C

,

C C A A

A C C

C A C A

C A C A

C C A A

C C C C

A A A

B A A, B

A

T

T

T T C C T

T T

T T i .

T T .

T T

n T

T

T

T new clause formed by the union of the two with and removed.

F ormally

, the resolution rule is given as

¯

with , clauses and a literal. Note that

¯

is the negation of

. This rule says that the clause , called the , is a

logical consequence of and

¯

. In other words, if

and

¯

are b oth v alid at a truth assignment Φ, then

so do es . This is b ecause either Φ( ) = , or Φ( ) = ,

which implies Φ = , or Φ = . Therefore, Φ = .

T o b e more precise we call an application of the resolution rule

an when the literals involved are and

¯

. F or example,

is the resolvent of an -resolution of the two clauses ,

.

Robinson’s metho d is describ ed as follows. Let b e a finite

clause set of atomic prop ositions (i.e. prop ositional v ariables ). T o

detect the inconsistency of define

( ) = is a resolvent of two clauses in

and let

( ) =

( ) = ( ( )) for each 0

Consider the the clause set

( ) = ( )

Because there can only b e finitely many resolvents, ( ) = ( )

for some . One exp ects to reveal the inconsistency in by finding

the empty clause in ( ) as illustrated by the following example.

Do es this metho d always work? There is a theorem (due to

Robinson) which states that is inconsistent if and only if

( ). Therefore the metho d always works. Another terminology

often used for this kind of prop erty is soundness and completeness. In

42

⋁ ⋁

⋀ ⋁

□

□

□

□

□

′

′

′

′

′

′

′

′

3.3 The Resolution Rule

∪ {⊥}

∅ ⊤ ∅ ⊥

⊥

⊤

|

⊤ ∈ { | ∈ }

∈

∉

∈

¬

L L .

L

, .

S S

C S A A C S

S S

S

S

S S

S

S

S S

S S

S S

S S

S S

S S

S S

S S

A

A A valid

invalid

satisfiable

unsatisfiable inc onsistent

e quivalent

r esolution

rule and

= ( )

Generalizing this notation to the case when is empty

, it is reason-

able to let

= and =

Hence the empty clause, written as to make a distinction from

the empty set of clauses, represents and the empty clause set

represents .

A clause set is at Φ, written Φ = , if for any clause

in , Φ( ) . Otherwise we say is at

Φ. is if it has a v alid truth assignment. Otherwise is

. An unsatisfiable clause is also called . is

to if they have the same set of v alid truth assignments.

Let b e a clause set. It is easy to see that is inconsistent if

. In many applications one needs to check if a statement is

always v alid, i.e. a tautology

. This can b e reduced to the problem

of deciding if a clause set is inconsistent. Of course just b ecause

we cannot conclude that is consistent. F ortunately there are

metho ds that makes it p ossible to transform a clause set into

in such a way that is inconsistent if . One of the ‘classical’

metho d, which involves a single inference rule, is explained in the

next section.

When transforming a clause set into to detect the inconsistency

in by finding a in , one exp ects some logical relation to hold

b etween and . At least it has to b e the case that the inconsistency

of implies the inconsistency of . A stronger requirement, that

and are equiv alent, will suffice. This is what happ ens with one

of the classical metho ds due to Robinson. The key is the

. When applied to two clauses, one containing and the other

containing , the negation of , the resolution rule pro duces a

41

1

2

∈

∈ j

j

n

⋀ ⋁

⋀ ⋁

⋀

⋀

⋁

⋁

⋀ ⋀ clause

clause set

=1 =1

=1 =1

11 12 1

21 22 2

1 2 n

j n

i ij

n

j n

i ij

n

n

n n nn

s L

s L

∨ ∨ ¬ ∧ ¬ ¬ ∨ ∧ ¬ ∨ ∧ ¬ ∨ ∧ ¬ ∨

{ { · · · }

{ · · · } · · ·

{ · · · } }

¬ ∨ ∧ ¬ ∨ ∧ ¬ ∨ ∧ ¬ ∨

{ {¬ } {¬ } {¬ } {¬ } }

∪ {⊤}

A B C D C A C B D A D B .

A

A

A , A , , A ,

A , A , , A , ,

A , A , , A .

C A C B D A D B ,

C , A , C , B , D , A , D , B .

L L

s

L

s.

L

L L

F or example, we have

( ) = ( ) ( ) ( ) ( )

W e call

( )

a conjunctive normal form. Every prop osition has a conjunctive nor-

mal form (this can b e seen more clearly via truth tables), but it is not

necessary unique. A conjunctive normal form ( ) can b e

rewritten as a set of clauses:

Corresp onding to the normal form

( ) ( ) ( ) ( )

for example, we have the clause set

More formally

, a is a finite set of literals. It represents

the disjunction of its elements. A is a set of clauses repre-

senting the conjunction of the formulae asso ciated with the clauses.

By convention, for a set of literals is an abbreviation for the

formula

and similarly is an abbreviation for the formula

F or non-empty we clearly have

= ( )

40 j

− →

⋀ ⋁

′

′

=1 =1

A

n

j n

i ij

A S S S A A

S S

A

A

A .

3.2 Conjunctiv e Normal F orm

3-satisfiability problem is well-known to b e NP-complete ).

The Davis-Putnam pro cedure abandons old clause set. After an

-transition like , clauses in which contain or

¯

do not

app ear in , and will never b e needed in the future, compared

with Robinson resolution where all old clause sets remain active (

i.e. they may b e needed in the future ) and hence the numb er of

active clauses never decrease.

More heuristic information is provided by the Davis-Putnam pro-

cedure. F or the Davis-Putnam pro cedure, there are no two different

transitions with the same lab el . This means we have done, once

and for all, all resolutions which involve . F or Robinson resolution,

we cannot easily tell when a resolutions involving a particular literal

is not needed any more.

The idea b ehind the Davis-Putnam pro cedure is the lab eled tran-

sition system, used in many areas of computer science. It is very

intuitive and easy to understand, resulting in a more intuitive and

straightforward pro of of its soundness and completeness by mathe-

matical induction.

This chapter is based on a previous rep ort by the author, ‘Literal

Resolution’ [12]. Later when reading Galil ([3]) the author real-

ized that this metho d was known to Davis and Putnam (although

the metho d mentioned in [3] seems different from the one explained

in Davis and Putnam ([2]) and Chang ([1])). However the author

discovered it indep end ently

. Certainly this metho d deserves b etter

recognition, and it is the purp ose of this chapter to make it b etter

known.

By the use of Bo olean laws we can put every prop osition into the

form

( )

39 k k

0 1 2

+1

0 1 2 +1

′

′

′

′ ′

′

′ ′

A

A A A

k

A

k

A

A

A

− →

− → − → − → · · · − → − → · · ·

− →

− →

S S A

A S S

S A S

S S A

S A

S S S S S .

S S S S

S S

S S S S

m m

S can b e explained b etter using the idea of a lab eled transition system.

Lab eled transition systems are very general structures found use in

many areas of computer science. A lab eled transition system consists

a set of states and a collection of transition relations b etween states.

Each step of the Davis-Putnam pro cedure can b e seen as a transition

from a clause set to a clause set , lab eled with a literal . At an

-transition, written , there is at least one resolution from

involving and the old clause set is replaced by a new clause set

consisting of all the resolvents from which involve , together

with those clauses of which do not contain or its negation. The

Davis-Putnam pro cedure rep eatedly formulates new clause sets in

this way

, resulting in a sequence of transitions like

F uture resolution do es not need any old clause. In other words, when

, the satisfiability of is totally determined by that of .

Note this is weaker than requiring and to b e logically equiv alent.

In fact from we can not deduce that and are logically

equiv alent (an example is given later).

The Davis-Putnam pro cedure works: it is sound and complete.

It is sound in the sense that whenever there is a clause set in the

transition which contains an empty clause, the original clause set

must b e inconsistent; It is complete b ecause if the original clause

set is inconsistent, we will b e able to detect it by deriving an empty

clause from the transition. Since the Davis-Putnam pro cedure is

sound and complete, it is as p owerful as Robinson resolution. In

addition, it enjoys the following adv antages compared to the original

Robinson resolution pro cedure.

In terms of the numb er of transitions, the Davis-Putnam pro-

cedure clearly terminates in steps, where is the numb er of

prop ositional v ariables in the input clause set (Note this do es not

imply that the Davis-Putnam pro cedure is p olynomial as the size

of the clause set may grow exp onentially

. In fact it is unlikely that

there is a p olynomial time algorithm for any resolution b ecause the

38

¬

¬

A A A

A A

Chapter 3

Resolution

3.1 The Resolution Principl e

The resolution principle due to Robinson is a cornerstone for mechan-

ical theorem proving. This principl e deals with the issue of demon-

strating the v alidi ty of a prop osition by detecting the contradiction

of its negation. Instead of transforming the original prop osition into

an equiv alent tautology (when it is p ossible), the resolution metho d

first puts the prop osition into an equiv alent, conjunctive normal form

(or a set of clauses) and then rep eatedly applies a inference rule. The

ma jor adv antage is that only one inference rule called the resolution

rule is needed. When applied to two resolv able clauses, one contain-

ing the literal and the other containing , the negation of , the

resolution rule pro duces a resolvent, which is a clause consisting of

the union of the two clauses with and removed.

Given a set of clauses, the original resolution metho d of Robinson

go es as follows. When two clauses are resolv able, add their resolvent

to the clause set. Rep eat this until an empty clause is found or there

is no further resov able clauses. Because there are only finitely many

p ossible resolvents, this pro cedure eventually stops.

The Davis-Putnam pro cedure [3], on the other hand, deals with

the same problem but it is less widely known. However, it has many

virtues which we think make it easier to understand. This pro cedure

37